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We investigate the Heisenberg model on a decorated square (Fisher) lattice in the presence of first
neighbor J1, second neighbor J2, and third neighbor J3 exchange couplings, with antiferromagnetic
J1. The classical ground state phase diagram in the J2-J3 plane obtained within a Luttinger-Tisza
framework is spanned by two antiferromagnetically ordered phases, and an infinitely degenerate
antiferromagnetic chain phase. We find that an order-by-disorder transition driven by thermal as
well as quantum fluctuations occurs in the chain phase. Interestingly, the spin wave spectrum of the
Néel state displays three Dirac nodal loops out of which two are symmetry protected while for the
antiferromagnetic chain phase we find symmetry protected Dirac lines. Furthermore, we investigate
the spin S = 1/2 limit employing a bond operator formalism which captures the singlet-triplet
dynamics, and find a rich ground state phase diagram host to variety of valence-bond solid orders
in addition to antiferromagnetically ordered phases.
I. INTRODUCTION
In Mott-Hubbard insulators, a reasonable description
of the localized electron state at low-temperatures is pro-
vided for by the Heisenberg spin Hamiltonian [1]. In
the presence of frustrated interactions, which could be
geometric or parametric in origin, the determination of
the ground state and low-energy physics of the Heisen-
berg model poses itself as a highly nontrivial problem.
The principal motivation in the investigation of frus-
trated spin systems lies in the lure of finding either mag-
netically ordered ground states with intricate spin tex-
tures or highly correlated nonmagnetic phases such as
spin liquids [2–6]. To this end, transition metal ox-
ides have attracted much attention as they are found in
nature with a rich diversity of geometrically frustrated
lattice structures and thus display a wide spectrum of
magnetic behaviors [7, 8]. In particular, in one such
family of manganese oxide compounds (MnO2) such as
K1.5(H3O)xMn8O16, Ba1.2Mn8O16, and α–MnO2 [9–11],
the Mn ions reside on the vertices of a geometrically frus-
trated network, namely, the hollandite lattice [9, 12, 13].
Experimental studies on these systems have unveiled the
presence of a plethora of magnetic phases upon varia-
tion of temperature, magnetic field, and doping, which
include, an antiferromagnetic state [14], a ferromagnet,
helimagnetic order [15, 16], and spin glass behavior.
In order to understand the origin of this diversity in
magnetic behaviors it is helpful to disentangle the ef-
fects of magnetic frustration from those arising due to
the presence of impurities. Recently, theoretical studies
employing an Ising model on the hollandite lattice [17, 18]
successfully explained the origin of the antiferromag-
netic ground state in the disorder free system [19] as
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well as the doping-induced transition into a spin-glass
state [20–22]. However, the Ising model studied in
Ref. [17] cannot account for helimagnetic (and in gen-
eral noncollinear) orders observed in K1.5(H3O)xMn8O16
and K0.15MnO2 at low temperatures [15, 16]. Experi-
mental investigations on Manganese compounds [23–25]
have provided evidence that these systems have small
magnetic anisotropies and thus be well described by a
Heisenberg model. The zero temperature (T = 0) clas-
sical magnetic phase diagram of the Heisenberg model
on the Hollandite lattice allowing for different signs and
strengths of nearest-neighbor couplings was studied in
Ref. [26].
The hollandite lattice can be viewed either as cou-
pled two-dimensional triangular lattices stacked in the
z-direction or as decorated square lattices (called Fisher
lattice) stacked in the y-direction [26]. An understanding
of the magnetic Hamiltonian on a lattice which is a two-
dimensional projection of the original three-dimensional
lattice often provides valuable insights into how magnetic
order develops in the original three-dimensional model,
and helps flesh out the structure of the (often intricate)
spin configurations. In this regard, investigation of the
magnetic phases in kagome lattice as an insightful route
towards understand the complex magnetism in the py-
rochlore lattice is noteworthy [27]. Herein, we adopt the
route of understanding the magnetism of the Hollandite
lattice by viewing it as coupled Fisher lattices since the
non-trivial mechanism of magnetic order in α-MnO2 ma-
terials seems to arise due to the coupling in y-direction
[13, 18, 26, 28]. In this work, we carry out a detailed anal-
ysis of the magnetic phases present in the T = 0 classical
phase diagram and investigate fluctuation effects beyond
the classical limit via a spin-wave analysis and a bond-
operator formalism for spin S = 1/2.
We consider a minimal model on the Fisher lattice [see
Fig. 1] such that J1 couples connects the vertices of neigh-
boring squares, J2 defines the nearest-neighbour coupling
within the squares, and J3 is the second nearest-neighbor
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FIG. 1. (a) The Fisher lattice showing the three exchange
couplings J1 (blue) connecting sites on octagons, J2 (green)
connecting the sites of a square, and J3 (black) connecting
the diagonals of a square, of Eq. (1), with the four sites of the
unit cell marked by 1, 2, 3, and 4. (b) The first Brillouin zone
of the Fisher lattice with the high-symmetry points marked.
(diagonal) coupling within each square. The inclusion
of a J3 coupling has been motivated from recent stud-
ies [13, 28] which suggest that it might be necessary to
describe the magnetism in Hollandite systems. At the
classical level, a Luttinger-Tisza analysis [29–31] of the
(J1, J2, J3) parameter space reveals the presence of dif-
ferent kinds of antiferromagnetically (AF) ordered states,
an infinitely degenerate uncorrelated AFM chain phase,
as well a topological phase with gapless surface magnon
states, depending on the sign and strength of the cou-
plings. Furthermore, we investigate the role of quantum
and thermal fluctuations on these ground states and find
that fluctuations drive an order-by-disorder transition in
the uncorrelated AFM chain phase. We complement our
study by going beyond the spin-wave approximation and
compute the relative stability of the semi-classical ground
state within a variational ansatz by comparing the ener-
gies of competing states and find that each of them is
stable as they have a finite triplon excitation gap over
suitable singlet states.
Our plan of presentation is as follows. In Sec. II, we
define the model Hamiltonian and the Luttinger-Tisza
framework employed to obtain the classical phase dia-
gram. In section IIIA, we describe the T = 0 classical
ground states and study the effect of thermal fluctua-
tions using a classical Monte Carlo method. In Sec. IV
and Sec. V, we study the impact of quantum and thermal
fluctuations to harmonic order on the ground states, re-
spectively. In Sec. VI, we analyse our model Hamiltonian
for spin S = 1/2 within the scope of a bond operator for-
malism and show the existence of three different types of
quantum paramagnetic ground states, namely, a plaque-
tte VBS, and two other dimer ordered states. Finally, we
summarize and discuss our results in Sec. VII.
II. MODEL AND METHODS
We consider a two-dimensional plane of the Hollandite
lattice [see Fig. 1], called the decorated square (Fisher)
lattice, which is characterized by a four-site geometri-
cal unit cell [32]. The interactions between the spins
localized on the vertices of this lattice are govern by a
Heisenberg Hamiltonian
Hˆ = J1
∑
〈i,j〉1
Sˆi · Sˆj +J2
∑
〈i,j〉2
Sˆi · Sˆj +J3
∑
〈i,j〉3
Sˆi · Sˆj , (1)
where the J1, J2, and J3 superexchange couplings are
schematically illustrated in Fig. 1(a). It is worth noting
that earlier studies [17, 26] investigating the magnetism
of the full three-dimensional Hollandite lattice, the con-
sideration of in-plane interactions was restricted to inter-
square (J1) and nearest-neighbor intra-square (J2) cou-
plings only [33], while the inter-plane coupling was found
to yield helimagnetic order. Recent experimental stud-
ies [13, 28] on Hollandite compounds have pointed to rel-
atively more intricate ground states compared to those
found in Refs. [15–17, 26]. In particular, in Ref. [28], the
in-plane magnetic ground state was found to possess a
magnetic unit cell which is 4 × 4 expansion of the ge-
ometrical unit cell. Though the materials in question
potentially involve more complex charge orderings which
are likely to induce to further magnetic coupling between
the Mn atoms, it is understood that a simple model which
accounts for only the above two mentioned in-plane inter-
actions (J1 and J2 in Fig. 1(a)) is not sufficient to explain
the formation of a magnetic order with a 4× 4 expanded
magnetic unit cell. The above fact motivates us to ex-
plore a larger parameter space of exchange couplings, and
to this end, we propose the simplest extension by intro-
ducing an additional second nearest-neighbor (diagonal)
coupling within each square, i.e., J3 in Fig. 1(a). In our
study we consider all possible signs and strengths of the
(J1, J2, J3) couplings.
Our analysis of the ground states of the classical ver-
sion of Eq. (1) employs the Luttinger-Tisza method. The
corresponding classical model is obtained by normalizing
the spin operators with respect to their angular momen-
tum S and taking the limit S → ∞ [34, 35]. Conse-
quently, the spin operators in Eq. (1) are replaced by
ordinary vectors of unit length at each lattice site i. For
a generic spin interaction, we have the following classical
Hamiltonian that needs to be minimized
H =
∑
i,j,α,β
Jαβ(Rij)Si,α · Sj,β , (2)
where i, j denotes the corresponding Bravais lattice sites
separated by lattice translation vectors Rij and α, β in-
dices denote the sublattice sites. The underlying Bravais
lattice of the Fisher lattice is the square lattice. The
Luttinger-Tisza method [29–31] seeks to find a ground
state of Eq. (2) by enforcing the spin-length constraint
3at a global level, i.e.,
∑
i |S2i | = S2n, where n is the total
number of lattice sites, a condition termed as the weak
constraint. This constraint amounts to permitting site-
dependent average local moments which take us beyond
the classical limit by approximately incorporating some
aspects of quantum fluctuations [36].
A solution of this relaxed problem is achieved by de-
composing the spin configuration into its Fourier modes
S˜α(k) on the four sublattices of the Fisher lattice
Si,α =
1√
N/4
∑
k
S˜α(k)e
ık·ri,α . (3)
Inserting this equation into Eq. (2) results in
H =
∑
k
∑
α,β
J˜αβ(k)S˜α(k) · S˜β(−k), (4)
with the interaction matrix given by
J˜αβ(k) =
∑
i,j
Jαβ(Rij)e
ık·Rij . (5)
The modes which respect the weak constraint are given
by the wave vector k, for which the lowest eigenvalue of
Eq. (5) has its minimum. The eigenvector corresponding
to this eigenvalue gives the relative weight of the modes
on the sublattices [37], which means that these modes
do not fulfill the strong constraint (|S2i | = S2, i.e., fixed
spin-length constraint on every site) if the components of
the eigenvector do not have the same magnitude. On the
other hand, if this condition is met, the true ground state
of the classical model is a coplanar spiral determined by
the optimal Luttinger-Tisza wave vector [38].
III. CLASSICAL GROUND STATES
A. Luttinger-Tisza analysis
The interaction matrix J˜αβ(k) for our model takes the
form

0 J2e
ı(kx−ky)a J3eı2kxa + J1eıkxb J2eı(kx+ky)a
J2e
−ı(kx−ky)a 0 J2eı(kx+ky)a J3eı2kxa + J1eıkxb
J3e
−ı2kxa + J1e−ıkxb J2e−ı(kx+ky)a 0 J2eı(kx−ky)a
J2e
−ı(kx+ky)a J3e−ı2kxa + J1e−ıkxb J2e−ı(kx−ky)a 0

In the region of parameter space defined by J3 > |J2|,
we find that the minimal eigenvalue wave vector (kx, ky)0
is given by
(kx, ky)0 = (2mpi/3, ky) or
(kx, ky)0 = (kx, 2npi/3) (6)
where m,n ∈ Z, hence, indicating long-range ordering in
one direction with an absence of relative ordering in the
other direction. Along the line J2 = J3, we find
(kx, ky)0 = (kx, ky), (7)
pointing to a degenerate ground state manifold. In the
remaining regions of parameter space we find
(kx, ky)0 = ((2n+ 1)pi/3, (2m+ 1)pi/3), (8)
thus pointing towards long range ordering with commen-
surate ordering wave vectors. The absence of an incom-
mensurate ordering wave vector implies that degree to
which mutual interactions between spins is satisfied is
likely to be determined locally, and hence, as a starting
point it is helpful to pursue an energy minimization of
a local cluster of spins. To this end, we employ a varia-
tional approach which proceeds by first constructing spin
configurations of a local cluster of spins that minimize its
energy and subsequently attempt to construct a global
spin configuration which also satisfies the local minimum
energy configuration of the cluster of spins. We verify the
accuracy of our global spin configurations from classical
Monte Carlo simulations.
To start with, we consider a cluster of four spins that
constitute a unit cell of the Fisher lattice. The spin con-
figuration is parameterized by observing that the lattice
can be described by a collection of horizontal and vertical
connections which are coupled via J2 bonds. Each hor-
izontal and vertical string of connections hosts two sub-
lattices each. The angle between the spins within both
the sublattices are assigned an angle γ, while the angle
between the spins belonging to the same sublattice but
in different chains is assigned an angle α. This choice of
ansatz gives an energy density
E/NS2 =
1
4
(J1(cos(γ − kx) + cos(γ − ky)) + J2(2 cosα
+ cos(α+ γ) + cos(α− γ)) + 2J3 cos γ). (9)
The above expression has four free parameters which
need to be determined to obtain the ground state spin
configuration. We note that since the antiferromagnetic
J1 bond is not frustrated by any other interaction, one
may put forth an ansatz in which the spins connected by
the J1 bond will be antiparallel, i.e., kx−γ = ky−γ = pi,
and Eq. (9) simplifies to
4(a)
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FIG. 2. (a) Classical phase diagram of J1–J2–J3 Heisenberg
model on the Fisher lattice with the couplings as defined in
Fig. 1(a) and Eq. (1), (b) paramterization of a generic spin
configuration with γ = kx + pi and kx = ky = k.
E/NS2 =
1
2
(J2 cosα(1− cos kx)− J3 cos kx − J1). (10)
Upon minimizing Eq. (10) with respect to kx and α
we get the following two sets of conditions for a spin
configuration to qualify as a ground state
sin kx(J2 cosα+ J3) = 0 (11)
sinα(1− cos kx) = 0. (12)
The solutions (kx, α) satisfying the conditions [Eqs. (11)
and (12)] corresponding to different phases are described
below
1. Antiferromagnetic chain phase
This phase is characterized by (k, α) = (0, α) and is
stabilized for J3 > |J2|. It is depicted as phase I (yel-
low region) in the phase diagram shown in Fig. 2(a). It
features perfect antiferromagnetic order along either the
horizontal or vertical chains, however, there is a complete
absence of spin correlations between any two of these or-
dered chains [see Fig. 3(a)]. This implies that within any
given four site unit cell, the spins coupled by J3 bonds
are antiferromagnetically while there is no correlation be-
tween the spins connected by J2 bonds, and hence, the
angle α can take any value implying an infinite degen-
eracy of the ground state manifold. The ground state
energy is then independent of α
E/NS2 = −1
2
(J3 + J1). (13)
In the above expression, the independence of the energy
on α arises due to a cancellation of the contributions
from two bonds connected by J2 within a given square
plaquette. The existence of such a degeneracy within
each square together with long range antiferromagnetic
order along horizontal or vertical chains poses itself as an
interesting scenario. In Secs. IV and V, we investigate the
effects of thermal and quantum fluctuations in lifting this
degeneracy.
(a)
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FIG. 3. Spin configuration in (a) phase-I (uncorrelated AFM
chain) with (k, α) = (0, α). The individual horizontal or ver-
tical chains have perfect AFM order, the relative orientations
between them is not fixed. With respect to lower horizontal
chain the orientations of the two vertical chains is α1 and α2,
respectively. Also, note that the orientation of upper horizon-
tal chain with respect to lower horizontal chain is α3, i.e., the
system has an infinite degeneracy, (b) phase-II (Néel phase)
with (k, α) = (pi, pi), and (c) phase-III (sublattice Néel phase)
with (k, α) = (pi, 0).
2. Néel phase
For J3 < |J2|, we enter a region of parameter space
where the arbitrariness in the choice of the parameter
α in the uncorrelated antiferromagnetic chain phase gets
lifted. In particular, for J2 > 0 and J3 < J2, we obtain a
Néel ordered phase [marked as phase II (blue region) in
Fig. 2(a)]. This phase is characterized by (k, α) = (pi, pi)
which signifies that within any given unit cell (square)
there is perfect antiferromagnetic order, and that the
spins in neighboring unit cells are aligned antiferromag-
netically with respect to each other [see Fig. 3(b)] . How-
ever, unlike the familiar Néel phase on the square or
honeycomb lattice, not all antiferromagnetic bonds are
satisfied when J3 > 0, as the spins connected by the J3
couplings remain frustrated. The ground state energy of
this phase is given by,
E/NS2 = −1
2
(2J2 − J3 + J1). (14)
Upon entering the region J3 < 0, this phase is further
stabilized since the spins coupled via J3 bonds are ferro-
magnetically aligned in this Néel phase.
3. Sublattice Néel phase
In the region J2 < 0, when J3 < |J2|, the free pa-
rameter α characterizing phase I now evaluates to zero
implyinh that all spins within a given unit cell are ferro-
magnetically aligned. Furthermore, these four-site unit
cells form Néel order throughout the lattice, and hence,
each sublattice is Néel ordered [see Fig. 3(c)] . This state
is thus characterized by (k, α) = (pi, 0). The ground state
energy density can be written as,
E = −1
2
(2|J2| − J3 + J1). (15)
When J3 < 0, the spin confiuration satisfies all the cou-
plings.
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FIG. 4. From classical Monte Carlo simulations, (a) variation
of the angles α and γ [see Fig. 2(b)] parameterizing the spin
configurations [Eq. (9)] along the cut |J2|+J3 = 2 (marked by
a maroon line within the phase diagram shown as an inset),
(b) The ground state energy per site (in units of J1) E/NS2
vs J2 for fixed J3 = 2.
B. Classical Monte Carlo analysis
Since the Luttinger-Tisza approach is not a priori ex-
pected to give the exact ground state spin configuration,
and given the fact that our approach is based on a varia-
tional ansatz [Eq. (9)], we perform classical Monte Carlo
simulations to investigate the accuracy of our analysis.
We consider a system of 1600 spins (20 × 20 × 4), and
employ parallel tempering which allows us to reach
temperatures T/J1S2 ∼ 0.001. In Fig. 4(a) we show
how the angles α and γ [see Fig. 2(b)] parameterizing
the spin configuration via ansatz in Eq. (9) vary in
parameter space along the cut |J2|+ J3 = 2. It is clearly
seen that the spin configurations determined from the
(numerically) exact classical Monte Carlo simulations
are in complete agreement with those determined from
the variational ansatz [Eq. (9)] thus validating the
classical phase diagram of Fig. 2(a). In Fig. 4(b), we
plot the ground state energy as obtained from classical
Monte Carlo simulations as well as from the variational
ansatz of Eq. (9) as a function of J2 for a fixed value of
J3 = 2. It is worth noting that in the region J3 > |J2|,
i.e., phase-I, the ground state energy is independent of
J2 which is a manifestation of the degenerate nature of
the ground state in this region.
Having discussed the classical ground states in entire
parameter space, it is instructive to calculate the mag-
netic structure factor which can be experimentally mea-
sured in a neutron diffraction experiment [39] to con-
firm the magnetic ground states discussed before. As de-
scribed, we have found three different magnetic ground
states namely uncorrelated AFM chain phase, Néel phase
and sublattice Néel phase depending on the sign and
magnitude of the coupling parameter Ji’s. Here, we cal-
culate the structure factor by an unbiased Monte Carlo
simulation for three different sets of parameter values rep-
resenting these three classical ground states. The equal-
time (static) spin structure factor that we calculate is
defined as
S(q) =
1
N
∑
i,j
e−ıq·Rij 〈Si · Sj〉 (16)
where N is the total number of sites. In our numerical
simulation we have taken the nearest neighbour distance
between two sites to be unit length. This implies that
the distance between the neighbouring unit cells is of
length three units which makes the periodicity of S(q) as
2pi/3. In Fig. 5 we show the structure factor in different
parameter regime corresponding to different magnetic
ground state [see Fig. 2]. We note that the uncorrelated
AFM chain phase has no average global ordering in any
direction. The perfect AFM order in a given chain yields
vanishing contribution when summed over all chain.
Hence, we expect merely a featureless structure factor
with the presence of subdued peak at the zone boundary
(corresponding to ordering vector k to be zero due to
statistical average) as can be seen in Fig. 5(a). For
magnetic ground state given by phase-II and phase-III,
we note that a global AFM (Néel) order should yield
a peak at k = (mpi3 , n
pi
3 ) with ‘m,n’ being an odd
integer. However, the peaks at above mentioned points
would be modulated due to the form factor (similar to
atomic form factor) of the magnetic ordering in a given
unit cell of Néel phase (phase-II) and subattice Néel
phase (phase-III). It can be easily checked that the form
factor of the phase-II and phase-III are (cos kx − cos ky)
and (cos kx + cos ky), respectively. The form factor is
zero along the line kx = 2m′pi ± ky for phase-II and
kx = (2m
′ + 1)pi ± ky for phase-III where m′ is any
integer including zero. Thus, the expected peaks at
k = (mpi3 , n
pi
3 ) will be modulated due to such lines of zero
intensity and it would remove some peaks in structure
factor which are expected due to global Néel orders.
Fig. 5(b) represents the structure factor for the Néel
order (phase-II). We see that the peaks are appearing
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FIG. 5. The static (equal-time) spin structure factor obtained from classical Monte Carlo simulations for the three different
phases in the classical phase diagram of Fig. 2(a) evaluated at T/J1S2 = 0.01 for a system of 1600 spins, (a) phase-I at
(J2/J1, J3/J1) = (1, 4), (b) phase-II at (J2/J1, J3/J1) = (4, 1), and (c) phase-III (J2/J1, J3/J1) = (−4, 1).
at k = (mpi3 , n
pi
3 ) with m 6= n due to the modulation
coming from form factor mentioned before. On the other
hand, such destructive modulation is absent for the
sublattice Néel phase and the peaks appear expectedly
at k = (mpi3 , n
pi
3 ) with ‘m’ and ‘n’ being odd integer
as mentioned. In practice, the particular material may
not have the exact symmetry of the lattice we have
considered. For example the unit cell may not be a
square as taken here and also the distances between
different neighbouring sites joined by Ji may also be
different and in that case the experimentally obtained
structure factor might be different than what is shown
in Fig. 5. However the structure factor in that case can
be easily compared by evaluating Eq. (16) with modi-
fied lattice parameters, mainly the different values ofRij .
IV. SPIN WAVE ANALYSIS
A. Antiferromagnetic chain phase
The classical antiferromagnetic chain phase [phase-I in
Fig. 2(a)] has an infinitely degenerate ground state man-
ifold. In particular, on a lattice consisting of N horizon-
tal and M vertical lines [see Fig. 2(b)], there are N ×M
independent α parameters each of which can take on val-
ues ranging from 0 to 2pi. It is thus natural to ask the
question whether quantum fluctuations can lift this de-
generacy via an order-by-disorder mechanism [40, 41] and
select a unique configuration parameterized by a certain
value of α. To investigate the role of quantum fluctua-
tions, we carry out a linear spin wave analysis. To this
effect, we rotate our coordinate system in such a way that
the z-axis of the local coordinate system coincides with
the axis of the local spin orientation,
(Sˆxi , Sˆ
y
i , Sˆ
z
i ) = Rx(pi/2)Rz(φi)(Sˆ
x′
i , Sˆ
y′
i , Sˆ
z′
i ). (17)
The Holstein-Primakoff [42] transformation can now be
written as
Sˆz
′
i,m = s− aˆ†i,maˆi,m
Sˆx
′
i,m =
√
s
2
(
aˆ†i,m + aˆi,m
)
Sˆy
′
i,m = ı
√
s
2
(
aˆ†i,m − aˆi,m
)
. (18)
Within a quadratic approximation to the boson opera-
tors we find that a uniform choice of α (when all N ×M
values of α are the same) is energetically favorable com-
pared to disordered configurations of α (when all N ×M
values of α are different), indicating an order-by-disorder
mechanism at work. The lifting of the degeneracy is only
partial as α (which is now the same for all N ×M sites)
can still take on any value between 0 and 2pi yielding
the same ground state energy, and the hence there still
remain an infinite number of degenerate ground states.
However, the magnon spectrum for each value of α need
not be the same and thus we investigate the α depen-
dence of the spin-wave spectrum. In Appendix A we
provide the expressions of the resulting Hamiltonian af-
ter implementing the Holstein-Primakoff transformation
corresponding to Eqs. (17) and (18). As expected, the
Hamiltonian is invariant under PT -symmetry which is
defined as PT = σx⊗ σ0K (where K is the complex con-
jugation operator). In phase-I, the magnetic and crys-
tallographic unit cells are identical, as a result of which
we get a 8 × 8 Hamiltonian matrix [see Eq. (A1)] in k-
space. As a consequence of PT symmetry we obtain four
doubly-degenerate magnon branches as shown in Fig. 6
with the following dispersion relations,
(k)1,2=
1
2
√
pk ± 1
2
√
Q(0)fk + gk(0) + hk (19)
(k)3,4=
1
2
√
pk ± 1
2
√
Q(α)fk + gk(α) + hk (20)
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FIG. 6. Free magnon spectrum corresponding to Eq. (19) and Eq. (20) in phase-I for the parameter values (J2/J1, J3/J1) = (1, 2)
plotted along the high-symmetry path Γ(0, 0), X(pi, 0), M(pi, pi), and Y (0, pi).
where Q(α) = 2(J2)
2 cos2 α−(J3)2
4 and
pk =
J3
4
(2− cos kx − cos ky) (21)
fk = (cos(kx + ky) + cos(kx − ky)) (22)
gk(α) = (J2)
2 cos2 α(1− cos kx − cos ky) (23)
hk = (J3)
2(2 + cos(2kx) + cos(2ky))/8 (24)
From Eq. (19) we see that there are two modes which are
independent of α, and Eq. (20) shows that the other two
modes are α dependent. For any given value of α there
are two Goldstone modes originating from the sponta-
neously broken U(1) symmetry, and we observe the pres-
ence of zero-energy modes along the segment ΓX and
ΓY . The presence of the zero-energy modes can be un-
derstood from Eqs. (19) and (20) which upon substituting
kx(ky) = 0 and ky(kx) = k give, in the large wavelength
limit, µ ≈ ck, which is the excitation energy of an anti-
ferromagnetic chain, and where c =
√
J3/8 for the first
set of modes [Eq. (19)] and c =
√
3J3/8 for the second
set of modes [Eq. (20)]. It is worth noting that along
the kx = 0 and ky = 0 axis we have linear band crossings
along the line segments ΓX and ΓY in the Brillouin zone,
thus forming Dirac nodal lines. We now discuss how the
spin wave spectrum depends on α. (i) For α = 0 or pi:
In this case the system has a two sublattice Néel order.
The Hamiltonian in this case is block diagonal [see Ap-
pendix A], and each block is PT invariant which gives
rise to two 4-fold degenerate bands [see Fig. 6(a)]. (ii)
For α = pi/4: The block diagonal structure disappears
and as a result the two 4-fold degenerate bands split into
four 2-fold degenerate bands [see Fig. 6(b)]. (iii) For
α = pi/2: In this case we have a band touching of the α
dependent bands at the M point which is a consequence
of the underlying mirror reflection symmetry about the
kx, ky and kx = ky axes. We note that there is a Dirac
nodal line along the segment ΓM [see Fig. 6(c)].
B. Phase-II and Phase-III
This phase has a perfect antiferromagnetic structure
which is the same as for the unfrustrated case (J3 = 0
and J1, J2 > 0) studied in Ref. [43] where the presence
of two Dirac nodal loops was found. The magnetic unit
cell (8-sites) is twice the size of the crystallographic unit
cell (4 sites). In the bipartite representation, the Hamil-
tonian can be written as in Eq. (A5), and is seen to be
block diagonal with each block being PT invariant. This
results in four 4-fold degenerate bands shown in Fig. 7.
Similar to what was found for the unfrustrated model
(J3 = 0), we find two nodal loops [marked by blue line
in Fig. 8(a)], namely, in Figs. 7(a) and 7(f) we see that
the black circled points form one nodal loop while the
cyan circled points form the second nodal loop. In the
absence of a J3 coupling it was shown in Ref. [43] that the
Dirac nodal loops are topologically protected, and that
there is a triple band touching at the Γ and M points,
while in the presence of additional J3 coupling we find a
quadruple band touching at the X and Y points as shown
in Fig. 7(a). Furthermore, we find that a J3 coupling,
leads to the appearance of an additional Dirac nodal loop
along the Brillouin zone boundary and also along the
kx(ky) = 0 axes [see Fig. 7(d)] and marked by an orange
segments in Fig. 8(a)]. However, this additional loop ap-
pears only for particular choices of parameters shown in
Fig. 8(b), and is not protected by any symmetry except at
the time-reversal invariant momentum points, i.e., the Γ
and M points [see Fig. 7(f) and Fig. 7(i)], where there re-
mains a two-fold degeneracy since the Hamiltonian given
by Eq. (A5) is invariant under T = ıσyK operator.
In phase-III, whose magnetic structure has an eight
site unit cell, we similarly find that the Hamiltonian
Eq. (A8) is block diagonal with each block being PT in-
variant, leading to four-fold degenerate bands. However,
the symmetry protected Dirac nodal loops of phase-II are
not found in phase-III, on the other hand, the additional
nodal loop along the zone boundary and kx(ky) = 0 axis
found for phase-II also appear in phase-III for the same
choice of parameters shown in Fig. 8(b).
V. THERMAL AND QUANTUM
ORDER-BY-DISORDER EFFECTS
In phase-I, at zero temperature any value of α ∈ (0, 2pi)
is a valid ground state. However, at finite temperature,
the fluctuation of the spins explicitly contribute to the
α dependent free energy. This leads to a lifting of the
degeneracy in the parameter α, via a thermal order-by-
disorder mechanism [44–46]. To this effect, we introduce
8FIG. 7. Free magnon spectrum for phase-II (Néel phase): (a), (b) (J2, J3) = (2, 1) and (f),(g) (J2, J3) = (3, 2), (c), (d), (e)
and (h), (i), (j) represent the band touchings between different bands, which form the Dirac nodal loops for the two above-
mentioned choices of parameters, respectively. Notice that the nodal loop due to touching of the bands denoted by green and
blue colors appears for some choices of parameters and gaped out for other choices. Hence, this nodal loop is not protected by
any symmetry whereas the nodal loops due to touchings of upper and lower two bands survive for all choices of parameters,
thereby rendering these loops symmetry protected.
a spin deviation θR,µ → θ0R,µ + δθR,µ, where θR,µ is the
ground state spin configuration of the µth sublattice of a
unit cell with radius vector R and δθR,µ is the deviation
from ground state spin configuration. Substituting this
in Eq. (1) and expanding around the ground state up to
quadratic order in δθR,µ, in Fourier space we obtained,
Hˆ = EGS + Hˆfluctuation with
Hˆfluctuation =
∑
q
ψ†qAq(α)ψq (25)
where ψq = [δθq,1 δθq,2 δθq,3 δθq,4]T , and EGS is the
ground state energy.
In this (harmonic) approximation, the fluctuations can
be integrated out in the partition sum, and give rise to a
linear-T dependence in the free energy F(α, T ). Follow-
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FIG. 8. (a) Projection of Dirac nodal loop on the first Bril-
louin zone. The blue line denotes the symmetry protected
nodal loops where as the orange one appers for some specific
choices of parameters. (b) denotes the choices of parameters
where the the additional nodal loop appears which is not pro-
tected by any symmetry.
ing Ref. [46], F(α, T ) can be written as
F(α, T ) = EGS −NT lnT + T
∑
q∈BZ
ln(detAq(α)), (26)
where the last term is the α dependent part of the low-
temperature entropy density. The state which mini-
mizes this term corresponds to the minimum of the free
energy—this is the entropic order-by-disorder selection
mechanism discussed in Refs. [40, 41, 45, 46]. Further-
more, the energy of the spin-wave modes is ~Sq,µ(α) in
the semi-classical description for spins of length S  1.
Quantum fluctuations then choose the state with the low-
est zero-point energy
EZP(α) =
∑
q∈BZ
~S
2
q,µ(α). (27)
FIG. 9. Free magnon spectrum for phase-III (sublattice Néel
phase) for (a) (J2, J3) = (−2, 1) and (b) (J2, J3) = (−0.8, 0.6).
Unlike Néel phase there is no robust Dirac nodal loop in this
phase. However similar to Néel phase in some choices of pa-
rameters a nodal loop (not protected by any symmetry) ap-
pears along the zone boundary and kx = 0 and ky = 0 axes
as can be seen from figure (a).
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FIG. 10. A schematic illustration of the pattern of singlet dimer formations for the parameter regimes of Eq. (1), (a) |J1| 
(|J2|, |J3|) (VBS1), (b) |J3|  (|J1|, |J2|) (VBS2), (c) |J2|  (|J1|, |J3|) (Plaquette RVB) wherein the quantum ground state is
given by a superposition of two states with dimer formation on the opposite sides of the square as shown in the right panel.
The EZP(Q) behaves qualitatively like the the last term
of Eq. (26) and selects the same ordering vectors. In the
region of the phase diagram occupied by phase-I, we find
that thermal and quantum fluctuations select a value of
α equal to 0 or pi.
VI. BOND OPERATOR ANALYSIS: VALENCE
BOND SOLID PHASES
In the extreme quantum limit of S = 1/2, there arises
the possibility of zero-point quantum fluctuations de-
stroying long-range antiferromagnetic orders when the
amplitude of the fluctuations becomes of the order of the
spin length. Furthermore, the presence of frustrated in-
teractions enhances quantum fluctuations thereby aiding
the stabilization of quantum paramagnetic phases such
as quantum spin liquids and valence bond crystals. Here,
we investigate the effect of quantum fluctuations beyond
the spin-wave approximation by employing resonating va-
lence bond variational wave functions. We first investi-
gate our J1-J2-J3 model in parameter regimes where one
of the couplings is overwhelmingly stronger compared to
the remaining two. In this limiting regime, we note that
at zeroth order the strongest bonds will form a singlet or
triplet dimer and the locally excited states correspond
to singlet to triplet excitations or vice versa for anti-
ferromagnetic or ferromagnetic bonds, respectively [see
Fig. 10]. The effect of non-zero values of the remaining
two (subdominant) couplings is to dynamically create lo-
cal excitations on the strong singlet and triplet dimer
bonds. Hence, an effective Hamiltonian of interacting
singlet or triplet bonds between neighboring dimers can
be constructed within this approach. This procedure is
known to be effective in explaining the low energy physics
of interacting spin systems [47–55]. We now discuss the
different VBS phases which are found to be realized as
variational quantum ground states of the J1-J2-J3 model.
A. VBS1 and VBS2 phases
In the limit when |J1|  (|J2|, |J3|) we have a VBS
configuration consisting of dimers on J1 type bonds [see
Fig. 10(a)]. The local Hilbert space is four dimensional
spanning the singlet ground state and the three triplets
as the excited states. Following Ref. [49], we define ψˆ†i
and χˆ†i as the creation operators of the singlet and triplet
states, respectively, on the ith bond within a given unit
cell with the accompanying constraint on the dimension-
ality of the Hilbert space
ψˆ†i ψˆi + χˆ
†
i,αχˆi,α = 2S, (28)
where i = 1 or 2 corresponds to the two J1 type of bonds
in a unit cell, and α = 1, 2, 3 denotes the three types
of triplets in a given dimer. The interaction term be-
tween the two neighboring unit cells is obtained by writ-
ing down the spin components in terms of the above men-
tioned valence bond operators. This is achieved by cal-
culating 〈m|Sˆνµ|n〉 where µ = 1, 2 denotes the two spins
in a given dimer, ν = x, y, z labels the three spin com-
ponents, and |m〉 (|n〉) represents the singlet or triplet
states. In general, a spin operator at a given site has
the form Sˆi ≈ 12 (ψˆ†i χˆi + h.c.) where i labels a given
dimer [see Appendix B for details]. As a result of this
transformation we land up with a Hamiltonian which is
quartic in the field operators χˆ and ψˆ. We carry out a
mean-field decoupling such that the resulting quadratic
Hamiltonian [Eq. (B2)] separates into singlet and triplet
sectors with no mixing terms. The ground state energy is
obtained by extremizing the Hamiltonian with respect to
the mean-field parameter Ni (where
√
Ni = 〈ψˆ†i 〉 = 〈ψˆi〉)
and the Lagrange multiplier λ needed to implement the
constraint of Eq. (28), which yields two sets of self consis-
tent equations which are solved. The resulting expression
for the ground state energy per unit cell for VBS state in
the parameter regime J1  (J2, J3) is,
Ea = (Na,1 +Na,2)Ea − λ[(Na,1 +Na,2)− 1]
+ 32N
∑
k
∑2
i=1(Θk,i −Ak,i), (29)
where a labels the VBS1 state, Θk,i is the eigenenergy
obtained in the triplon sector of the interacting Hamil-
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FIG. 11. Quantum phase diagram of the S = 1/2 J1-J2-J3
Heisenberg model on the Fisher lattice (Fig. 1(a)) obtained
by a bond operator analysis. We see the appearance of three
different VBS phases in addition to the three long-range or-
dered (LRO) phases also present in the classical phase dia-
gram (Fig. 2(a)).
tonian Eq. (B2) signifying the excitation of the triplet
state [53], and Ak,i is the diagonal element of Eq. (B2).
A similar procedure can be followed for the VBS2 state in
the parameter regime J3  (J1, J2). For the VBS2 state
the unit cell has been conveniently chosen as an elemen-
tary square. In a similar manner as above, we obtain the
ground state energy per square,
Eb = (Nb,1 +Nb,2)Eb − λ[(Nb,1 +Nb,2)− 1]
+ 32N
∑
k
∑2
i=1(Πk,i − Bk,i). (30)
where b labels the VBS2 state, and the remaining terms
all have identical meaning to that in Eq. (29) [see Ap-
pendix B for further details].
B. Plaquette VBS
In the parameter regime (J2, J3)  J1 where we ex-
pect a plaquette VBS phase [see Fig. 10(c)], we have two
choices of forming two dimers inside a square. More pre-
cisely, if we denote the four vertices of a square as V1, V2,
V3, and V4, then we have two possibilities for dimer for-
mation, namely V1–V2 and V3–V4 or V1–V4 and V2–V3.
The corresponding Hamiltonian is
Hˆp = J2(Sˆ1 + Sˆ3) · (Sˆ2 + Sˆ4) +J3(Sˆ1 · Sˆ3 + Sˆ2 · Sˆ4) (31)
The diagonalization of the above Hamiltonian gives the
following two lowest energy plaquette singlet states,
|Ψp,(±)〉 = 1√
2
(|ψ1,2〉|ψ3,4〉 ± |ψ1,4〉|ψ2,3〉) (32)
where |ψi,j〉 denotes a singlet state formed between the
sites i and j, |Ψp,+〉 is the ground state wavefunction with
energy Es+ = −2J2 + J32 and |Ψp,−〉 is the first (singlet)
excited state with energy Es,− = − 32J3. Above these
states lie the nine triplet states of the plaquette VBS
with energies,
Etµ,µ = (−J2 +
J3
2
)δµ,3 − J3
2
(δµ,1 + δµ,2) (33)
where µ, ν = 1, 2, 3. The five quintet states have a degen-
erate energy Ed = J2 + J32 . To capture the low-energy
dynamics we have restricted our analysis to within the
singlet-triplet manifold. The low-energy dynamics now
includes, in addition to the triplet excited states con-
sidered for the VBS1 and VBS2 states, the singlet ex-
cited states. Within this approximation the effective low-
energy Hamiltonian for a single plaquette can be written
as
Hˆp =
∑
i=±
Es,iψˆ
†
p,iψˆp,i +
3∑
µ,ν=1
Et(µ,ν)χˆ
†
(µ,ν)χˆ(µ,ν). (34)
The Eqs. (31), (32), and (34) together with the constraint
of Eq. (28) provide for a complete description of the low-
energy spectrum at zeroth order, i.e., in the absence of a
J1 interaction leading to isolated plaquettes. The pres-
ence of a finite J1 introduces interactions between neigh-
boring plaquettes which induce transitions between dif-
ferent states represented of Eq. (34). The inter-plaquette
interactions are obtained by writing the spin components
in terms of the above-mentioned plaquette operators as
was done for the VBS1 and VBS2 states [see Appendix C
for details]. The effective low-energy Hamiltonian for the
interacting plaquette-VBS state thus obtained is given in
Eq. (C3) [see Sec. C for the details]. The ground state
energy per plaquette is
Ec = Nc,+(Ec − λ) + λ+ 3
2N
∑
k
3∑
i=1
(Ωk,i − Ck,i) (35)
where
√
Nc,+ = 〈ψˆ†p,+〉 = 〈ψˆp,+〉, Ωk,i is eigenenergy
obtained in the triplon sector of the interacting plaquette
Hamiltonian [Eq.(C3)].
Employing the expressions [Eq. (29), Eq. (30) and
Eq. (35)] of the ground state energies of the three phases
we map out the resulting phase diagram. The most
salient feature of our phase diagram is the appearance of
three quantum paramagnetic phases, namely, a plaquette
VBS, and two other types of dimer ordered states dubbed
VBS1 and VBS2 as shown in Fig. 11. The classical re-
gion of existence of the uncorrelated AF chain phase is
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FIG. 12. Density plot of triplet excitation gap obtained by
plaquette and bond operator analysis.
now found to be divided into two region under the influ-
ence quantum fluctuations. For J1  (J2, J3), the VBS1
state is stabilized while for J3  (J1, J2), the VBS2 state
is stabilized. At the phase boundary of these two VBS
states, a long range order (LRO) state is found to be sta-
bilized in a sliver of parameters space as characterized
by the vanishing singlet-triplet excitation gap. We label
this long range ordered state as phase-I (LRO) and it is
characterized by the ordering vector Q = (0, ky), (kx, 0).
Another interesting aspect of the quantum phase dia-
gram is that the Néel phase (labeled as phase-II in Fig.
3) gives was to a plaquette-RVB state irrespective of the
sign of the J3 coupling. On the other hand, the sublat-
tice Néel phase (marked by region-II in Fig. 3) is largely
immune to quantum fluctuations, and is referred to as
Phase-III (LRO) in Fig. 11. Apart from these phases
as described, there is another long range ordered phase
found in a small region for negative J3 and it exists in
between VBS1 and plaquette VBS phases and is labelled
as phase-II (LRO) in Fig. 11. The singlet-triplet excita-
tion gap which is used to determine the phase diagram
as shown in Fig. 11 is shown as a density plot in Fig. 12.
The above results obtained within bond operator for-
malism suggests that the large degeneracy in the dis-
ordered AFM chain in classical limit may not lead to
ground state degeneracy in the exact quantum limit as
indicated by the stability of VBS2 phase with large value
of singlet-triplet excitation gap as shown in Fig. 12. On
the other hand the Néel phase which is known to be prone
under quantum fluctuations is moderately stabilized into
plaquette VBS state. It is to be noted that the singlet-
triplet excitation gap for VBS1 state is smaller compared
to that of the VBS2 state. In fact, Fig. 12 suggests that
the singlet-triplet excitation gap gradually decreases as
value of J3 decreases. While the uncorrelated AFM chain
phase and Néel phase yield to quantum paramagnetic
state under quantum fluctuations, remarkably the sub-
lattice Néel phase is quite stable as evident from Fig. 11.
This may be attributed to the fact that the number of
nearest neighbour bonds with ferromagnetic alignment
is three times than the number of bonds with antiferro-
magnetic bonds. The other possible explanation is that
each square plaquette can be thought of as a large spin
with magnitude of 4S which protects it from quantum
fluctuations. Finally, we note that similar observations
of a plaquette VBS, and competing magnetic phases on a
variant of the model, namely, the square kagome lattice
Heisenberg model, have previously been made [56–61]
VII. DISCUSSION
We have investigated the ground state phase diagram
of the Heisenberg model on the Fisher lattice in the pres-
ence of first neighbor J1, second neighbor J2, and third
neighbor J3 Heisenberg couplings, as an attempt to pro-
vide a model for magnetism of a two dimensional layer of
the Hollandite lattice. At the classical level, a Luttinger-
Tisza analysis shows that the phase diagram is host to
three different phases, namely, (i) an uncorrelated anti-
ferromagnetic chain phase wherein each horizontal and
vertical chain has perfect one-dimensional antiferromag-
netic order but the relative orientations between any two
chains is not fixed at T = 0 [62–64]. This uncorrelated
AFM chain phase exists for J2 > J3 and antiferromag-
netic J2, J3 only. Furthermore, there exist two different
Néel phasse depending on the sign of J2. For antiferro-
magnetic J2, we find a sublattice Néel phase (phase-II)
where the four sites within a unit cell are aligned ferro-
magnetically while such a cluster of ferromagnetic spins
forms Néel order. On the other hand for negative values
of J2 we obtain a perfect Néel order (phase-III) where the
four spins within a unit cell too are antiferromagnetically
ordered.
We have investigated the role of quantum and ther-
mal fluctuations within a harmonic approximation which
reveals an order-by-disorder mechanism at play. Firstly,
the uncorrelated AFM phase shows a thermal as well as a
quantum order-by-disorder transition by selecting a com-
mon α for all the one dimensional chains. Though the
zeroth order energy in the spin wave approximations are
identical for each α, the various details of the spin wave
spectrum depend on the choice of α, e.g., the spectrum
could be linear or quadratic for specific choices of α, and
the number of zero energy modes depends on α. Inter-
estingly the thermal fluctuations lift the degeneracy and
selects α = 0, pi as the preferred ground state configu-
rations. For specific choices of α, the spin-wave spec-
trum shows Dirac nodal lines along ΓX and ΓY . The
spin-wave spectrum for phase-II shows existence of three
Dirac nodal loops of which two are symmetry protected
and do not depend on the value of J3.
Finally, we have employed a bond operator formalism
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to analyse the model Hamiltonian beyond the spin-wave
wave approximation. The analysis for spin S = 1/2
shows that most of the classical phases except the sub-
lattice Néel phase are stabilized into some kind of va-
lence bond states. The uncorrelated AFM phase is sta-
bilized into a VBS1 dimer order with an appreciable
singlet-triplet excitations gap. This VBS1 phase appears
mostly for large positive J3. In a triangular shaped region
around the centre in J2 − J3 plane, a VBS2 dimer state
is stabilized. The Néel phase is largely stabilized into a
plaquette VBS state, while the sublattice Néel phase is
found to be stable under quantum fluctuations within a
bond operator formalism.
We expect that our study would set the stage for fur-
ther investigations into the magnetic phases in the Hol-
landite lattice [13, 17, 26, 28]. The experimental real-
ization of two dimensional layers of α-MnO2 (if possible)
might serve as a platform to confirm the existence of
some of the phases that have been found here. A possi-
ble extension of the present study is to include a coupling
between such two dimensional layers yielding a three di-
mensional model of magnetism in Hollandite lattice. As a
future endeavor, it would be interesting to study the spin
S = 1/2 quantum phase diagram employing state-of-the-
art numerical quantum many-body frameworks such as
pseudofermion functional renormalization group [65] and
variational quantum Monte Carlo methods [66] which
have already been applied on the square [67] and other
two-dimensional lattices. In particular, for S = 1/2 the
possibility of a quantum spin liquid occupying a region
of parameter space cannot be discounted for [68], and it
will be worthwhile to carry out a projective symmetry
group classification [69] of quantum spin liquids on the
Fisher lattice, and analyze their stability and energetic
competitiveness with the valence-bond solid orders found
in this work.
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Appendix A: Hamiltonian for spin-wave spectrum
In this appendix, we write explicitely the Hamiltonian
which is used to find the specrum of spin wave excita-
tions.
1. Phase-I
For phase-I which we referred as uncorrelated AFM
chain phase, the Hamiltonian matrix is,
Hk =
[
A(k) B(k)
B(k) A(k)
]
. (A1)
The basis vector was choosen as as, ˆ˜χk = [χˆk, χˆ
†
−k]
T ,
with χˆk = (aˆk,1, aˆk,2, aˆk,3, aˆk,4). In the above Ak and
Bk is 4× 4 matrices which are given below.
Ak =
 a b 0 −cb a −c 00 −c a b
−c 0 b a
 (A2)
Bk =
 0 c bx(k) −bc 0 −b by(k)b∗x(k) −b 0 c
−b b∗y(k) c 0
 . (A3)
Among variuos parameters that appear in the above two
equations a, b, c are constants such that a = 1+J32 , b =
J2
4 (1− cosα), c = J24 (1 + cosα). b(x/y)(k) is given below,
bx(k) = −1
2
(J3 + e
ıkx), by(k) = −1
2
(J3 + e
−iky ). (A4)
2. Phase-II
For the Néel phase, the Hamiltonian becomes a
8 × 8 hermitian matrix due to four sublattice struc-
ture and presence of global antiferromagnetic or-
der. The basis vector which is used to define
the Hamiltonian is ˆ˜χk = [χˆk, χˆ
†
−k]
T , with χˆk =
(aˆk,1, aˆk,2, aˆk,3, aˆk,4, bˆ
†
−k,1, bˆ
†
−k,2, bˆ
†
−k,3, bˆ
†
−k,4), where
aˆk and bˆk respectively denotes the up spin and down spin
in momentum space. The Hamiltonian is obtained as,
Hk = I2×2 ⊗
[
A(k) B(k)
B(k) A(k)
]
, (A5)
where Ak and Bk are given below.
Ak =
 d 0 −J3 00 d 0 −J3−J3 0 d 0
0 −J3 0 d
 , (A6)
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Bk =

0 J2 e
ikx J2
J2 0 J2 e
ikx
e−ikx J2 0 J2
J2 e
−ikx J2 0
 . (A7)
In the above d = J1 + 2J2 − J3 and denote the ground
state energy per plaquette in phase-II.
3. Phase-III
For the sublattice Nèel phase the basis vector used
to define the Hamiltonian matrix for each momentum is
identical to phase-II. The Hamiltonian contains few ad-
ditional parameters. The Hamiltonian has the following
expression,
Hk = I2×2 ⊗
[
A(k) B(k)
B(k) A(k)
]
(A8)
where Ak and Bk are given below.
Ak =
 d J2 −J3 J2J2 d J2 −J3−J3 J2 d J2
J2 −J3 J2 d
 , (A9)
Bk =

0 0 eikx 0
0 0 0 eikx
e−ikx 0 0 0
0 e−ikx 0 0
 , (A10)
where d = J1− 2J2−J3 denotes the ground state energy
per plaquette in phase-III.
Appendix B: Valance Bond Operator Analysis
In this appendix we provide the detail procedure fol-
lowed in bond operator formalism. First we give the def-
inition of spins in terms of the fermionic field operator
Ψ and χ associated with the singlet and triplet excita-
tions [49, 53] respectively.
Sˆ1,α ≈ 1
2
(χˆ†αψˆ + h.c.), Sˆ2,α ≈ −
1
2
(χˆ†αψˆ + h.c.)(B1)
In the above the subscript 1, 2 refers to two spins within
a dimer and α = x, y, z represents the three components
of the spin. In defining the above transformation we
have restricted upto quadratic powers of the fields. The
above definitions can be used to write down the effective
Hamiltonian interms of the field operators. The effec-
tive Hamiltonian contains a Lagrangian multiplier λ to
satisfy the magnitude of total spin of a given dimer to
be 2S. It is straighforward to observe that the use of
Eq. (B1) yields quatric terms in field operators. Mean-
field type decompisition has been used to reduce these
quatric terms into appropriate quadratic terms in singlet
and triplet sector neglecting the mixing between them.
Furthermore as we are interested to find the excitations
due to triplets over singlet condensation, we introduce√
Na,i =
〈
ψˆ†a,i
〉
=
〈
ψˆa,i
〉
as the singlet occupation num-
ber which is used to define the zeroth order condensate
energy E˜a. Here ‘a’ denotes the VBS1 configuration and
‘i = 1, 2’ refers to two dimers within an unit cell. Sim-
ilar definition holds for VBS2 which can be obtained by
replacing the subscript ‘a’ by ‘b’. With the above discus-
sion and notation, we can write the effective Hamiltonian
for the VBS1 as,
Hˆa = E˜a + 1
2
∑
k
φˆ†k,αHk,aφˆk,α. (B2)
In the above the singlet condensate energy E˜a is obtained
as,
E˜g,a= (Na,1 +Na,2)E
s
a − λ(Na,1 +Na,2 − 1)
− 3
2N
∑
k
∑
i=1,2
Ak,a,i (B3)
where, Ak,a,i represents the ith diagonal element of Hk,a
and Esa = −3J1/4 is energy of the singlet states per pla-
quette. The second term in Eq. (B2) refers to triplet
excitations. The basis vector used to obtain Eq. (B2) is
φˆk,α = [ξˆk, ξˆ
†
−k]
T , with ξˆk = (χˆa,1,α,k χˆa,2,α,k), where α
denotes different states in triplet sector. It is clear that
Hk,a is a 4× 4 matrix which can be written as,
Hˆk,a =
[
Vk,a +Da Vk,a
Vk,a Vk,a +Da
]
, (B4)
where V and D are 2× 2 matrix given below.
Vk,a =
[ −J32 Na1 cos 2kx J2 sin kx sin ky
J2Na12 sin kx sin ky −J32 Na2 cos 2ky
]
, (B5)
Da =
[
Eta,α − λ 0
0 Eta,α − λ
]
. (B6)
In the above we have used Na,12 =
√
Na1Na2. Et refers
to energy of triplet states with Eta,α = J1/4 i.e all the
triple states are degenerate in energy. To obtain the cor-
responding representations for VBS2 we use the singlet
and triplet state energy as Esb = −3J3/4, Etb,α = J3/4.
All other expressions of Vk,a as given in Eq. (B4) will be
replaced by Vk,b which is given below,
Vk,b =
[−J12 Nb1 cos kx 0
0 −J12 Nb2 cos ky
]
. (B7)
Appendix C: Plaquette Operator Analysis
For the plaquette VBS state represented in Fig. 10(c),
the spin operators are obtained as [48],
Sˆδ,α≈ cδ,µ(χˆ†µ,αψˆ+ + h.c.)
+ dδ,ν(χˆ
†
µ,αψˆ− + h.c.), (C1)
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where α = x, y, z, µ = 1, 2, 3 denotes nine triplets
and δ = 1, 2, 3, 4 denotes site indices inside a plaque-
tte. A summation over the repeated indices is implied in
Eq. (C1). The matrix cδ,µ and dδ,ν are given below.
cδ,µ =
1√
6

1√
2
0 1
0 1√
2
−1
− 1√
2
0 1
0 − 1√
2
−1
 , dµ,ν = 12
 0 1 01 0 00 −1 0
−1 0 0
 .(C2)
To derive the effective Hamiltonian as obtained for the
valence bond singlet states in Sec. B in Eq. (B2), we
follow similar procedure as explained before Eq. (B2).
After doing elementary algebra we obtain the effective
Hamiltonian in this case as,
Hˆc= E˜c + 1
2
∑
k
φˆ†k,αHkφˆk,α +
∑
k
(Es− − λ)ψˆ†k−ψˆk−.(C3)
The first term E˜c in the above equation corresponds to
ground state condensate energy per plaquette. For the
second term, we have used the basis vector as, φˆk,α =
[ξˆk, ξˆ
†
−k]
T , with ξˆk = (χˆ1,α,k χˆ2,α,k χˆ3,α,k). Below we
provide explicit expressions of the various terms present
in Eq. (C3). First we provide E˜t,
E˜c= Nc+E
s
+ − λ(Nc+ − 1)−
3
2N
∑
k
∑
i=1,2,3
Ck,i (C4)
where we have used
√
Nc+ =
〈
ψˆ†+
〉
=
〈
ψˆ+
〉
and λ is
the Lagrang multiplier to satisfy the constraint of total
angular momentum of the dimer to be 2S. Es± is the
plaquette singlet state energy for the state |Ψ±〉 with
Es+ = −2J2 + J32 , Es− = − 3J32 . Ck,i is the ‘i’th diagonal
element of Hk. The 6 × 6 hamiltonian matrix(Hk) in
second term in Eq. (C3) is obtained as,
Hˆk =
[
Wk +Dc Wk
Wk Wk +Dc
]
(C5)
where
Wk =
Nc+
3

−1
2 cos kx 0
−ı√
2
sin kx
0 −1√
2
cos ky
−ı√
2
sin ky
ı√
2
sin kx
ı√
2
sin ky cos kx + cos ky
 (C6)
Dc =
Et1,α − λ 0 00 Et2,α − λ 0
0 0 Et3,α − λ
 (C7)
In the above i, α = 1, 2, 3 denotes nine triplet states.
After diagonalisation the fluctuation due to triplon ex-
citation contributes to the ground state energy and the
final expression for the ground state energy can be writ-
ten as given in Eq. (35). We note that the above anal-
ysis has been carried out for J2 > J3 where |Ψ+〉 is the
ground state and |Ψ−〉 is the first excited states. When
J3 > J2 with J1 = 0, |Ψ−〉 becomes the ground state
and |Ψ+〉 becomes the first excited state. Thus there are
parameter regimes where analogous analysis needs to be
followed considering |Ψ−〉 as the ground state. However
after doing that we find that the final energy obtained in
the former case i.e when |Ψ+〉 is the ground state yields
lower energy than the case when |Ψ−〉 is the ground state.
To obtain the energy expression when |Ψ−〉 is the ground
state one needs to replace the ‘−’ subscript in the third
term in Eq. (C3) by ‘−’, ‘+’ subscript in Eq. (C4) by
‘−’. The expression of Wk as given in Eq. (C6) have the
following form,
W ′k =
−Nc−
4
cos ky 0 00 cos kx 0
0 0 0
 (C8)
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